INTRODUCTION
An electron liquid on a uniform neutralizing background (EL) is used as the reference system in most realistic calculations of electronic structure in condensedmatter physics [1] . At zero temperature there are only two relevant parameters tivated by a large number of recent magnetotransport studies [20] [21] [22] [23] [24] [25] of this type we have revisited [26] the problem of the microscopic calculation of m ⋆ in a paramagnetic (i.e. ζ = 0) 2D EL. Our systematic study is based on a generalized GW approximation which makes use of the many-body local fields and takes advantage of the results of the most recent QMC calculations of the static charge-and spinresponse of the 2D EL [27] . We report extensive calculations for the many-body effective mass enhancement m ⋆ /m over a broad range of r s values. In this respect we critically examine the relative merits of the on-shell approximation, commonly used in weak-coupling situations, versus the actual self-consistent solution of the Dyson equation. We show that already for r s ≃ 3 and higher, a solution of the Dyson equation proves here necessary in order to obtain a well behaved effective mass. Finally we also show that our theoretical results for a quasi-2D EL, free of any adjustable fitting parameters, are in good qualitative agreement with some recent measurements in a GaAs/AlGaAs heterostructure.
MANY-BODY EFFECTIVE MASS ENHANCEMENT
The aim of this Section is to present a brief summary of the theory we have used for the retarded QP self-energy Σ ret (k, ω) of a paramagnetic 2D EL (that we have summarized in Eqs. (3) and (7) below) from which we have calculated m ⋆ /m. The formal justification of Eqs. (3) and (7), which essentially rests on both diagrammatic perturbation theory and on the so-called renormalized Hamiltonian approach [28] , can be found in the original works [29, 30] , in Ref. [3] , and in Ref. [26] .
To fix the notation we start by introducing the Hamiltonian for a 2D EL confined to an area S,
Hereĉ † k, σ andĉ k, σ are fermionic creation and annihilation operators which satisfy canonical anticommutation relations, ε k = 2 k 2 /(2m) is the single-particle energy, and v q = 2πe 2 /q is the 2D Fourier transform of the bare Coulomb interaction e 2 /r. For later purposes we introduce the Fermi wave number
F /(2m) and the quantity ξ k = ε k − ε F . The retarded QP self-energy Σ ret (k, ω) is written as the sum of two terms,
where the first term is called "screened-exchange" (SX) and the second term is called "Coulomb-hole" (CH). The frequency ω is measured from ε F / . The SX contribution is given by
Here Θ(x) is the step function and ε(q, ω) is a screening function originating from effective Kukkonen-Overhauser interactions
In Eq. (4) the charge-charge and spin-spin response functions χ C (q, ω) and χ S (q, ω) are determined by the spin-symmetric and spin-antisymmetric static [32] local-field factors G + (q) and G − (q) [27] ,
and
χ 0 (q, ω) being the Lindhard-Stern response function of a noninteracting 2D electron gas [34] . Note that Σ SX (k, ω) is just an ordinary exchange-like self-energy built from the Kukkonen-Overhauser effective interactions instead of bare Coulomb interactions, which would lead to the frequency-independent Hartree-Fock self-energy first calculated for the 2D EL by Chaplik [35] . The CH contribution to the retarded self-energy is given by
where δ is a positive infinitesimal. The real part of the retarded self-energy is readily obtained from Eqs. (3) and (7) with the result
Once the real part of the QP self-energy is known, the QP excitation energy δE QP (k), which is the QP energy measured from the chemical potential µ of the interacting EL, can be calculated by solving self-consistently the Dyson equation
where ℜeΣ
. For later purposes we introduce at this point the so-called on-shell approximation (OSA). This amounts to approximating the QP excitation energy by calculating ℜeΣ R ret (k, ω) in Eq. (9) at the frequency ω = ξ k / corresponding to the single-particle energy, that is
The effective mass m ⋆ can be calculated from the QP excitation energy by means of the relationship 1
As remarked above, δE QP (k) may be calculated either by solving self-consistently the Dyson equation (9) or by using the OSA in Eq. (10) . In what follows the identity
will be used, ω(k) being an arbitrary function of k. Using Eqs. (11) and (12) with ω(k) = δE QP (k)/ we find that the effective mass m ⋆ D calculated within the Dyson scheme is given by
The renormalization constant Z that measures the discontinuity of the momentum distribution at k = k F is given by
The normal Fermi-liquid assumption, 0 Neither possibility is realized in our calculation: the first is barred a priori by the fact that the analytic expression for the frequency derivative of Σ R ret is always finite at finite r s ; the second is found a posteriori not to occur since the momentum derivative of Σ R ret is positive up to the largest r s considered (see below). On the other hand, using Eqs. (11) and (12) with ω(k) = ξ k / we find that the effective mass m ⋆ OSA within the OSA is given by
Of course, Eq. (15) is a valid approximation to the effective mass in the weak coupling limit, as can be seen by expanding Eq. (13) for small values of Σ R ret : however its application becomes problematic at large values of r s . In particular, we see that because Z decreases monotonically with increasing r s , there must necessarily be a critical value of r s for which the denominator of Eq. (15) vanishes and m ⋆ OSA diverges. A recent paper by Zhang and Das Sarma [37] infers from this fact a true divergence of the effective mass within the RPA. In our view, however, this must be considered an artifact of Eq. (15) . The unphysical character of the behavior m ⋆ OSA → ∞ is revealed by the fact that the divergence is driven by a negative but finite value of ∂ ω ℜeΣ R ret (k F , 0), whereas we know, from the general analysis given above, that a genuine divergence would have to be driven either by an infinite
We conclude that there is no evidence, within the present theory, for a physically relevant divergence of the effective mass.
NUMERICAL RESULTS
We turn now to a presentation of our main numerical results for m ⋆ /m. In all figures the labels "RPA", "G + " and "G + &G − " refer to three possible choices for the local-field factors: "RPA" refers to the case in which local-field factors are not included, "G + " to the case in which the antisymmetric spin-spin local field is set to zero (i.e. spin-density fluctuations are not allowed), and finally "G + &G − " refers to the full theory including both charge-and spin-density fluctuations.
In Fig. 1 we show our numerical results for m ⋆ D and m ⋆ OSA . The effective mass enhancement is substantially smaller in the Dyson-equation calculation than in the OSA, the reason being that a large cancellation occurs between numerator and denominator in Eq. (13) . In both calculations the combined effect of charge and spin fluctuations is to enhance the effective mass over the RPA result, whereas the opposite effect is found if only charge fluctuations are included -a manifestly incorrect result that neglects the spinorial nature of the electron. For completeness we have also included in Fig. 1 the variational QMC results of Kwon et al. [11] . The reader should bear in mind that the effective mass is not a ground-state property and thus its evaluation by the QMC technique is quite delicate, as it involves the construction of excited states. There clearly is quantitative disagreement between our "best" theoretical results (the "G + &G − /D" predictions) and the QMC data.
In Fig. 2 we show the behavior of the two terms in the denominator of Eq. (15) as functions of r s . This figure clearly shows how a spurious divergence can arise in m ⋆ OSA : for instance, within the RPA the denominator in Eq. (15) has a zero at r s ≃ 15.5 (see the inset in Fig. 2 ). Our numerical evidence, within the three theories we have studied, is that indeed (i) ∂ ω ℜeΣ R ret (k F , 0) is negative as it should for a normal Fermi-liquid, and monotonically increasing in absolute value as a function of r s ; and (ii) ∂ k ℜeΣ R ret (k F , 0) is positive and monotonically increasing too. Within the theory outlined in Ref. [26] , which uses as a key ingredient the Kukkonen-Overhauser effective screening function in Eq. (4), the effect of a charge-only local field is to shift this divergence to higher values of r s , while the opposite occurs upon including both charge and spin fluctuations. For instance, within the "G + &G − /OSA" theory the divergence occurs near r s = 5.
We now pass to illustrate how our theory compares with experiments. A full analysis of the published data for the effective mass of carriers in Si-MOSFET's [20, 21] would require a more complete theoretical study, mainly to account for the two-valley nature of the material. We will focus here instead on the experimental results of Tan et al. [38] in a GaAs/AlGaAs heterojunction-insulated gate field-effect transistor (HIGFET) of exceedingly high quality. A quantitative comparison between theory and experiment would also require a refined treatment of a series of effects such as those due to (i) the detailed band-structure of the host semiconductor, (ii) disorder, and (iii) finite temperature [39] . Note also that the Shubnikov-de Haas measurements of Tan et al. [38] are performed in a small but obviously finite magnetic field B and, in general, the ground-state of an EL in a small finite B field [40] can be profoundly different from that at B = 0. In our zero-field calculations we have: (i) included band-structure effects only through the GaAs band mass m b = 0.067 m; (ii) neglected possible effects due to disorder because the concentration of background impurities n i in the HIGFET used in Ref. [38] has been estimated [41] to be n i ≈ 5 × 10 12 cm −3 which is a very low number; and (iii) neglected thermal effects even though in Ref. [38] the temperature of the dilution refrigerator was kept relatively high (100 T 400 mK) to avoid the quantum Hall regime in which the Shubnikov-de Haas oscillations become non-sinusoidal. A simple inspection shows however that, assuming that for the highest temperature T = 400 mK the EL is in thermal equilibrium with the refrigerator, the ratio of thermal to Fermi energy is quite small even at the lowest densities, e.g. k B T /ε F ≈ 0.03 for r s = 6.
We thus restrict our analysis solely to the effect of finite sample thickness, by discussing how a softened Coulomb potential modifies m ⋆ against the strictly-2D results shown in Fig. 1 . The expectation is that the QP effective mass will be noticeably smaller when a softened Coulomb interaction is at work.
We have thus recalculated m ⋆ after renormalizing the bare Coulomb potential by means of a form factor to take into account the finite width of the EL in the HIGFET used in Ref. [38] . The appropriate renormalized potential is given by V q = v q F (qd)/κ, where 
Figure 2. Illustrating the divergence of the effective mass within the OSA. The three curves starting from unity at r s = 0 refer to the quantity 1+m
, and the other three curves to
The intersection of two lines with the same line-style in the two sets of curves corresponds to a zero in the denominator of Eq. (15) and thus to a divergence in m ⋆ OSA . The inset shows this divergence occurring within the RPA at r s ≃ 15.5.
representing an effective width of the quasi-2D EL [42] . Here κ ins = 10.9 and κ sc = 12.9 are the dielectric constants of the insulator and of the space charge layer,κ is their average and n ⋆ = n depl + 11n 2D /32, the depletion layer charge density n depl being essentially zero (see Ref. [18] of Ref. [41] ) in the experiments of Ref. [38] . Note that the renormalized potential does not contain any adjustable fitting parameter. The results that we obtain with the softened potential V q are shown in Fig. 3 against the experimental results of Tan et al. [38] . A caveat to keep in mind is that we have used the same local-field factors as for a zero-thickness 2D EL [27] in the lack of a better choice. Thus the results labeled by "G + " and "G + &G − " in Fig. 3 contain the effect of finite thickness only through the renormalization of the Coulomb potential. We believe that the explicit dependence of the local fields on the finite width of the 2D EL should not change the results of Fig. 3 in a substantial manner.
As it appears from Fig. 3 , a quite satisfactory qualitative agreement exists between theory and experiment, considering the oversimplified model we have used for the quasi-2D EL in the heterojunction of Ref. [38] . Nevertheless, in detail the discrepancies are quite substantial. In particular both the RPA and "G + &G − " theories, which give rather similar results, underestimate the considerable effective mass enhancement at strong-coupling, i.e. for r s 5. A comparison in the weak-coupling regime r s 1 would be very helpful but unfortunately is not possible due to the lackness of experimental data. Effective mass enhancement for a 2D EL confined in a GaAs/AlGaAs triangular quantum well of the type used in Refs. [24] and [38] . The theoretical results are shown in the same notation of Fig. 1 . The experimental results (Tan et al.) are from Ref. [38] .
CONCLUSIONS
In summary, we have revisited the problem of the microscopic calculation of the many-body effective mass enhancement in a 2D EL. We have performed a systematic study based on the many-body local-fields theory, taking advantage of the results of the most recent QMC calculations of the static charge and spin response of the EL expressed through static local-field factors. We have presented results for the effective mass enhancement over a wide range of electron densities. In this respect we have critically examined the merits of the OSA versus the Dyson-equation calculation. Depending on the local-field factors, the OSA predicts a spurious divergence of the effective mass at strong coupling and a solution of the Dyson equation is therefore necessary in order to obtain the correct value of the effective mass within Fermi-liquid theory. The comparison with the experimental data of Ref. [38] shows good qualitative agreement but substantial discrepancies especially at strong coupling calling for further theoretical work and computer simulations.
